Based upon the color-dipole picture, we provide closed analytic expressions for the longitudinal and the transverse photoabsorption cross sections at low values of the Bjorken variable of x < ∼ 0.1. We compare with the experimental data for the longitudinal-totransverse ratio of the (virtual) photoabsorption cross section and with our previous fit to the experimental data for the total photoabsorption cross section. Scaling in terms of the low-x scaling variable η(W 2 , Q 2 ) is analyzed in terms of the reduced cross section of deep inelastic scattering.
Introduction
The process of deep inelastic scattering (DIS) at low values of the Bjorken variable, x ∼ = Q 2 /W 2 < ∼ 0.1, where Q 2 ≥ 0 and W 2 refer to the virtuality of the photon and the photon-nucleon center of mass energy squared, is determined by the virtual dissociation of the photon into hadronic vector states that subsequently interact with the nucleon (generalized vector dominance (GVD)) [1] , [2] , [3] . In QCD, the hadronic vector states are quark-antiquark states that interact as color dipoles with the gluon field in the nucleon by exchange of (at least) two gluons that form a color-neutral state (color dipole picture (CDP)) [4] , [5] , [6] , [7] , [8] . The color-gauge invariant interaction with the gluon field in the nucleon -without specific parameterization of this interaction [9] -implies color transparency and saturation, 1 respectively dependent on the relative magnitude of Q 2 and W 2 within the region of x < ∼ 0.1.
The quantitative analysis of the experimental data on the photon absorption cross section, or, equivalently, the proton structure functions, requires a fit [7] , [8] [9] to the experimental data on DIS based on the small number of two to four free parameters, the number of parameters dependent on which ones are considered to be fixed by theoretical considerations.
In Section 2, we present concise and simple closed analytic expressions for the longitudinal and transverse photoabsorption cross sections. In Section 3, our results are summarized in a convenient form to be used in elaborate fits by experimentalists to the body of experimental data. We compare our theoretical predictions for the total photoabsorption cross section and the longitudinal-to-transverse ratio with experimental data. Some conclusions will be drawn in Section 4. Technical details are given in Appendices A to C.
The Photoabsorption Cross Section in the Color Dipole Picture, Theory
In Section 2.1, we summarize the essential results from the color dipole picture (CDP).
In Section 2.2 various refinements will be presented. 1 Compare also the recent reviews in ref. [10] 2.1 The color dipole picture, formulation from 2000.
The approach of the color dipole picture (CDP) to deep inelastic scattering 2 at low x ∼ = Q 2 /W 2 < ∼ 0.1 may be summarized by the photoabsorption cross section [6] , [5] ,
supplemented by the representation of the dipole cross section,
that guarantees the gauge-invariant interaction of the quark-antiquark (qq) color dipole with the gluon field in the proton via two-gluon coupling. The "photon wave function" squared, |ψ L,T ( r ⊥ , z(1 − z), Q 2 )| 2 , in (2.1) is determined by QED. It gives the probability for the fluctuation of the (virtual) photon of virtuality Q 2 ≥ 0 into adipole state of configuration ( r ⊥ , z(1 − z)). The variable r ⊥ in (2.1) and (2.2) determines the transverse qq-separation variable of thestate, and 0 ≤ z ≤ 1 characterizes the longitudinal momentum partition between quark and antiquark in that state.
The right-hand side in (2.1) contains the (required) factorization of the Q 2 -dependent photon wave function and the W -dependent dipole cross section: the photon of virtuality q 2 = −Q 2 ≤ 0 virtually dissociates (GVD [1] , [2] , [3] ), or fluctuates in modern jargon, intostates of masses 3 M> 0 that propagate and interact with the proton at the center-of-mass energy W . In ref. [6] the formulation of (2.1) with (2.2) of the CDP was explicitly derived from GVD supplemented by the QCD-based color-dipole structure of the interactingvector states.The dependence on W of the dipole cross section in (2.1)
is a strict consequence from the mass dispersion-relation (compare Appendix B) of GVD;
the necessary dependence on W in (2.1) (rather than a dependence on x ∼ = Q 2 /W 2 [5] ), using functional methods of quantum field theory, was more recently elaborated upon in great detail in ref. [13] .
The representation of the photoabsorption cross section (2.1), in conjunction with the color-gauge-invariant representation of the qq-dipole-proton interaction (2.2), implies the essential qualitative feature of the experimental results: the scaling of the total photoabsorption cross section σ γ * p (W 2 , Q 2 ) = σ γ * p (η(W 2 , Q 2 )) in the low-x scaling variable η(W 2 , Q 2 ) [7] , [8] , [9] , see (2.5) below, as 1/η(W 2 , Q 2 ) for η(W 2 , Q 2 ) ≫ 1, ("color transparency") and as ln(1/η(W 2 , Q 2 )) for η(W 2 , Q 2 ) ≪ 1 ("saturation"). As elaborated upon in detail in ref. [9] , no parameter-dependent explicit ansatz for the dipole cross section (2.2) is required to arrive at this general conclusion.
For an explicit quantitative description of the experimental results on the total photoabsorption cross sections for longitudinally and transversely polarized photons, a parameterdependent specification of the dipole cross section is required. In ref. [7] , the general expression for the photoabsorption cross section in (2.1) with (2.2) is supplemented by the ansatzσ
that implies 
in (2.4) is the zero-order Bessel function.
We also note the low-x scaling variable, η(W 2 , Q 2 ), given by [7] 
In addition to (2.5), it is useful to introduce the ratio
The low-x scaling variable η(
The mass m 0 in (2.5) and (2.6) denotes the effective onset of hadron production in e + e − annihilation to hadrons, and, from quark-hadron duality [14] , we have 0 < m 2 0 < m 2 ρ , where m ρ denotes the ρ-meson mass. 4 The evaluation of the photoabsorption cross section (2.1), upon insertion of (2.4), leads to [7] 
In (2.7), R e + e − = 3 q Q 2 q , where the sum runs over the actively contributing quark flavors, and Q q denotes the quark charge.
It turns out that the relevant region of µ(W 2 ) fulfills the bound µ(W 2 ) < 1. Under
where I
(1)
) and I
We note the photoproduction (Q 2 = 0) limit of (2.7) with (2.9). Inserting η = cµ(W 2 ) into (2.9), where c = const ≥ 1 and 0 < µ(W 2 ) < 1, a careful evaluation of the photopro-
In the limit of very high energy, µ(W 2 ) ≪ 1, (2.9) may be further simplified. We note
is determined by the required 4 For heavy flavors, like charm, the mass scale m 2 0 must be appropriately modified.
restriction to low values of
, upon making use of the identity 2 ln 12) and of the definition 13) we find that (2.9) becomes 14) and, accordingly,
I
With (2.14), (2.15) and (2.8), the longitudinal and the transverse parts of the photoabsorption cross section (2.7), and the total cross section
Under the approximation of
below), we have low-x scaling behavior [7] ,
The longitudinal cross section in (2.17) vanishes in the Q 2 = 0 photoproduction limit of
. For η ≫ µ, there is low-x scaling separately for the longitudinal and transverse parts of the cross section,
It will be illuminating to examine the result (2.17) for different limits of η and µ.
i) The limit of µ ≪ 1 combined with η ≫ 1 (and η ≤ η M ax ). This limit corresponds to high energy W and relatively large photon virtualities,
. Employing the expansion,
from (2.14) and (2.15) we find 20) and
as well as
In this limit of η ≫ 1, the ratio of the longitudinal to the transverse photoabsorption cross section becomes 1/2, [7] , [9] ,
The result (2.23) is a direct consequence of the explicit form of the photon wave function in (2.1). A dependence of the dipole cross section on the product r ⊥ z(1 − z)
implies [7] , [9] helicity independence, the equality of the dipole cross sections (in the limit of r 24) with ρ = const > 1. Compare Section 2.2 and Appendix A.
ii) The limit of η = cµ with c = const ≥ 1, and a) µ ≪ 1 fixed, c → 1, the limit of Q 2 = 0 photoproduction at fixed energy W ,
Evaluating I 0 (η) in (2.13) in the limit of η = cµ ≪ 1, we find the leading term of
Substitution into (2.14) and (2.15) yields 26) and
The Q 2 = 0, photoproduction, results in (2.26) and (2.27), based on the very-high-energy (µ(W 2 ) ≪ 1) representation (2.17), agree with the result (2.10) obtained from (2.9) with 0 < µ(W 2 ) < 1.
In the limit of W 2 → ∞, but Q 2 > 0 fixed i.e. for c > 1 fixed and η = cµ → 0, upon combining (2.26) and (2.27), we find [7, 8, 9] 
At any Q 2 > 0, if the energy W is sufficiently large ("saturation limit"), the ratio of the photoabsorption cross section at finite Q 2 over the Q 2 = 0 photoabsorption cross section,
, becomes equal to unity. Only the transverse part of the photoabsorption cross section contributes to the ratio (2.28) in this limit of W 2 → ∞ at Q 2 > 0 fixed.
Refinements
The formulation of the CDP for the photoabsorption cross section in (2.1) to (2.4) implicitly contains contributions fromfluctuations of the (virtual) photon of unlimited mass,
The life time τ of afluctuation, in the rest frame of the target proton of mass M p [16] , [17] , [13] 
with increasing mass Mdecreases strongly, however, at any fixed energy W and any fixed value of x ∼ = Q 2 /W 2 < ∼ 0.1. To assure the sufficiently long lifetime of τ ≫ 1/M p necessary for the validity of the CDP of diffractive (qq)p forward scattering, the masses of the contributingfluctuations must be restricted by a W-dependent upper limit,
In ref. [9] we gave a formulation of the photoabsorption cross section in the CDP that incorporates the required upper bound
Adjustment to the experimental data on DIS showed consistency with the upper limit 5 Equivalently, one finds (2.28) from (2.9) by inserting µ = cµ into (2.9), and evaluating the limit of µ → 0 with c > 1 fixed. 6 An upper bound,M 2≤ m 2 1 , was also previously introduced in ref. [18] .
The modifications of the longitudinal and the transverse photoabsorption cross sections (2.7) and (2.17) implied by the constraint (2.30) can be cast into simple factors that depend on the ratio
The factors, G L (u) and G T (u), will be specified below.
The refined formulation of the CDP in ref. [9] also includes the transverse-size enhancement [15] of transversely relative to longitudinally polarizedfluctuations by the factor ρ that was mentioned in (2.24). The factor ρ enters the transverse photoabsorption cross section in (2.17) via the replacement
Taking into account the constraint (2.30), as well as the transverse-size enhancement factor ρ according to (2.33), the cross sections in (2.7), expressed in terms of the functions
L (η, µ) and I
For details we refer to Appendix A, specifically see (A.38) and (A.45). The functions
where, according to (2.32), the limits of
respectively. According to (2.35), in the large-η limit, η(W 2 , Q 2 ) ≫ ξ, the longitudinal part of the photoabsorption cross section in (2.34) becomes more strongly suppressed than the transverse part.
The total photoabsorption cross section, according to (2.34) is given by
(2.36)
In the photoproduction limit of (2.10), the longitudinal contribution to (2.36) goes to zero, the transverse contribution becomes proportional to ln(ρ/µ(W 2 )) = ln(ρΛ
, and moreover G T (u) ≃ 1 from (2.35). Requiring consistency of (2.36) in the limit of Q 2 → 0 with the empirically known photoproduction cross section, allows one to determine the hadronic dipole cross section
For the evaluation of σ (∞) (W 2 ) the Regge fit to the experimental data for photoproduction, σ γp (W 2 ), [7] , [19] , or the double-logarithmic fit from the Particle Data Group [20] ,
, (where M p stands for the proton mass and M ≡ 2.15GeV ) are to be inserted into (2.37).
The photoabsorption cross section (2.36) for fixed Q 2 ≥ 0, taking into account (2.26) as well as I
The photoabsorption cross section at any fixed Q 2 ≥ 0 for W 2 → ∞ behaves hadronlike, compare also (2.28) [7] , [8] .
The growth of the photoabsorption cross section with increasing energy as (ln
for any fixed Q 2 ≥ 0, coincides with the hadronic (ln W 2 ) 2 behavior conjectured by Heisenberg [21] for cross sections among strongly interacting particles, and recognized as the maximal possible growth with energy by Froissart [22] . We note that a hadronlike
was recently also demonstrated [23] by the success of an explicit "Froissart-inspired" fit to the DIS experimental data for x ∼ = Q 2 W 2 ≤ 0.1. We turn to a discussion of the longitudinal-to-transverse ratio R(W 2 , Q 2 ). According to (2.34), it is given by
according to (2.20) and (2.21),
The (necessary) restriction (2.30) on the mass, M, offluctuations modifies (2.24) to become (2.40). In the region of
A measurement of R(W 2 , Q 2 ) for Q 2 sufficiently large determines the magnitude of ρ.
The parameter ρ, according to (A.42) to (A.44), is to be identified with the ratio of the cross sections for transversely polarized, (qq)
J=1
T , and longitudinally polarized, (qq) J=1 L , dipole states in the limit of vanishing dipole size, r
The proportionality of the dipole cross sections in (2.41) to the (transverse) size r 
The parameter ρ directly measures the effect of the enhanced transverse size of transversely relative to longitudinally polarizedstates. The prediction [15] , [9] of
is based on the assumption that the effect of the enhanced transverse size can be fully taken care of by employing the average transverse sizes of (qq) The general ansatz from ref. [9] thus contains helicity independence, ρ = 1, as well as the required enhanced-transverse-size effect of ρ > 1.
Theory versus experiment
In the present section we present the theoretical results from Section 2 in a form that is convenient to be employed in a fit to the experimental data. In particular, we present the theoretical results in terms of the so-called reduced cross section employed in the recent combined analysis of the H1-and ZEUS collaborations [24] . We also elaborate on how the photoproduction limit should be tested by the experimental data, and we present a comparison of the longitudinal-to-transverse ratio R(W 2 , Q 2 ) with experimental data.
According to (2.36) and (2.37), we have
L,T (η, µ) and G L,T (u) are given in (2.9) or (2.14) and (2.35), respectively. According to (2.9)
while according to (2.14)
For the photoproduction cross section, σ γp (W 2 ), in (3.1) the empirical fit in (2.38) is to be inserted. Independently of whether (2.9) or (2.14) is employed in (3.1), we have convergence to the photoproduction lim
smaller value of I
3) compared with (3.2) at η ≫ 1 leads to a slightly larger cross section (3.1) for the case of (2.14) that may be absorbed into a somewhat smaller value of ξ in m
The longitudinal-to-transverse ratio R(W 2 , Q 2 ), according to (2.39) as well as (3.1),
, according to (2.26) and (2.27), the ratio I
(1) 
and upon substituting (3.5),
The ratio R(W 2 , Q 2 ), for e.g. fixed energy W , with increasing
proportional to Q 2 , and upon reaching a maximum decreases inversely proportional to
In the approximation of ignoring the finiteness of m
The total photoabsorption cross section in (3.1) and the ratio R(W 2 , Q 2 ) in ( 
Compare also the previously employed [7] form
The successful representation of the experimental data in [9] was based on
The parameter ρ, from an estimate [15, 9] based on the uncertainty relation as applied to the different z(1 − z) configurations ofstates from γ * L →and γ * T → qq, was determined to be ρ = 4/3.
In fig. 3 .1, we compare the results from the simple closed expression for the photoabsorption cross section in (3.1) with the previous more involved form evaluated in [9] , and we find good agreement. The evaluation of the cross section (3.1) was carried out with fig. 9 of ref. [9] .
The results shown in fig. 3 .3 are relevant for the asymptotic behavior [7] , [8] , [9] the very slow approach to the saturation limit of photoproduction. The slow approach to this unique limit of the theoretically well-founded CDP differs strongly from the results of an ad hoc fit 8 presented more recently in ref. [25] . 12) where NC refers to the neutral-current electron (positron) scattering process. In the case
Z we are concerned with in the present note, the reduced cross section is related to the proton electromagnetic structure functions
where x ≡ x bj , Q 2 = −q 2 > 0 with q 2 being the four-momentum transfer from the electron (positron) to the proton, and y denotes the ratio of the hadronic center-of-mass energy squared, W 2 , to the total e ± p energy squared, s. In detail,
and The precision experimental data [24] call for a detailed examination of the low x region, x < ∼ 0.1, and in particular for a close examination of the important Q 2 → 0 photoproduction limit that is excluded in the analysis of reference [24] .
The pair of variables relevant at low values of x < ∼ 0.1 is the pair (Q 2 , W 2 ), since the transition to Q 2 = 0 photoproduction requires Q 2 → 0 at fixed W 2 .
9 It is also appropriate to replace the structure functions F 2 (x, Q 2 ) and F L (x, Q 2 ) by the photoabsorption cross sections for transversely and longitudinally polarized (virtual) photons [26] 
and 17) where, for the presently relevant case of W 2 ≫ Q 2 as well as
p (with M p denoting the proton mass), in (3.16) and (3.17) the approximation
was inserted. Replacing the structure functions in (3.13) by the photoabsorption cross sections according to (3.16) and (3.17), with
we obtain
Since y 2 and R(W 2 , Q 2 ) are small compared with unity, the main contributions from the right-hand side in (3.21) are due to the first terms in the brackets. With R(W 2 , Q 2 ) → 0 9 The limit Q 2 → 0 at fixed W 2 in the pair of variables (Q 2 , x) corresponds to the (less convenient) transition of Q 2 → 0 at fixed values of Q 2 /x, where 
The experimental results from reference [24] , given for ep energies of √ s = 318 GeV, 300 GeV and 251 GeV in bins of (Q 2 , x), have to be converted into bins of (Q 2 , W 2 ).The corresponding very elaborate analysis is better carried out by the experimentalists responsible for these data [24] .
In figs. 3.4 and 3.5, we present the theoretical results for the reduced cross section at √ s = 318GeV multiplied by 4π 2 α/Q 2 , compare (3.21). The photoabsorption cross section and the ratio R(W 2 , Q 2 ) entering (3.21) are obtained by evaluating (3.1) and (3.4) with the parameters given in (3.11) and used for figs. 3.1 to 3.3. More specifially, in fig. 3.4 we show the theoretical results for the cross section (3.21) for fixed W 2 as a function of fig. 3 .5, we concentrate on the region of very small Q 2 , in order to examine the Q 2 = 0 limit of photoproduction in more detail. In fig. 3 .6, we show the theoretical results for the reduced cross section multiplied by 4π 2 α/Q 2 , compare (3.21), as a function of the low-x scaling variable, (2.5) and (3.9), Since the second term in the bracket on the right-hand side in (3.21) is small, the prediction [7] from the color-dipole picture (CDP) of low-x scaling,
is approximately valid for σ r (Q 2 , W 2 , s).
We turn to the comparison of our prediction for R(W 2 , Q 2 ), given in (3.6) to (3.8),
with the H1 and ZEUS experimental results [27] . In a first step, we ignore the upper limit on m 2 1 (W 2 ) by adopting ξ → ∞. According to (3.6) and (3.8),
For the experimental data from H1 and ZEUS belonging to fixed W of W ∼ = 200 GeV, the condition of η(W 2 , Q 2 ) ≫ 1 in (3.27) is fulfilled for Q 2 ≫ 10. We accordingly predict
i.e. an approach to a constant value of R ∼ = 1/2ρ for sufficiently large Q 2 . We recall that the factor 1/2 in (3.28) originates from the ratio of the total γ * (qq) transition strengths for longitudinally and transversely polarized photons, while ρ stands for the enhanced cross section for transversely relative to longitudinally polarizedstates. From an estimate based on the uncertainty principle, we predicted ρ = 4/3 [15, 9] .
The experimental results in fig.3 .7 10 are consistent 11 with the prediction (3.28). Previous experimental data [9] showed consistency for R(W Appendix A. Details on the Derivation of the Photoabsorption Cross Section (2.34).
In this Appendix, we provide a brief exposition of the derivation 12 of the photoabsorption cross sections (2.34) and (2.36) which incorporate the upper limit M We also elaborate on the introduction of the transverse-size-enhancement factor ρ in (2.24) and (2.33).
Upon transition to momentum space, and upon introducing the mass variables
forstates, as well as
where k ⊥ and l ⊥ refer to transverse three momenta of (massless) quarks and gluons, the photoabsorption cross sections in (2.1) with (2.2) become [6, 7, 9] 
In the transition from (2.1) and (2.2) to (A.3) and (A.4), we introduced the cross sections 
where φ denotes the angle between k ⊥ and k ⊥ + l ⊥ , and ϑ denotes the angle between k ⊥ and l ⊥ . Since Noting that
and
the integrations in (A.3) and (A.4) over dM 2 and dM ′2 may be replaced by integrations over dM 2 and dϑ,
The bounds
lead to three terms, as indicated in (A.9). The first term in (A.9) takes care of the bound (A.10) on M 2 , and the second and third terms correct for the restrictions on ϑ that are ignored in the first term. According to (A.7), the angles The contribution to the photoabsorption cross sections (A.3) and (A.4) corresponding to the first term on the right-hand side in (A.9), the dominant contributions, can be fully
where by definition
In (A.16) and (A.17),
and Λ 2 stands for Λ 2 ≡ Λ 2 sat (W 2 ) on the right-hand sides in (A.16) to (A.18).
We turn to the correction terms, the second and the third term on the right-hand side in (A.9). Upon integrating over dϑ, one obtains
and 24) where j = 0, 1. will then lead to the photoabsorption cross sections in (2.34) of the main text.
We proceed in two steps. In a first step, we analyse the cross sections in the color-
Taking into account the leading terms in the expansion in µ(W 2 ), 1/ξ and 1/η(W 2 , Q 2 ), the cross sections for the dominant terms in (A.13) and (A.14) take the simple form .27) and 28) where u denotes the ratio 
and expand the integrands in powers of the small parameters 1/ξ, µ(W 2 ) and 1/η(W 2 , Q 2 ).
A somewhat lengthy analysis, upon carrying out the integration over dx ′ , yields the
(A.32)
Addition of (A.27) and (A.31), as well as addition of (A.28) and (A.32), yields
where [9] G L (u) = 2u 3 + 6u leading to
where the general m In fig. A1 , we illustrate the dependence of
high-mass fluctuations of the photon, γ * → qq, do not contribute, and the limit of ξ → ∞ becomes valid.
We turn to the transverse-size-enhancement factor ρ introduced in (2.24) and (2.33).
Quark-antiquark (qq) states of given mass Moriginating from longitudinally and trans-versely polarized photons, γ * L → (qq) L and γ * T → (qq) T , differ in their internal transverse momentum distributions. The normalized z(1 − z) distributions [15] , [9] 
The factor multiplying r states, accordingly implies the replacement
to be carried out in (A.12), modifying (A.12) to becomē .4), and contains the cases of ρ = 1, as well as ρ = 1, and specifically ρ = 4/3 from (A.41). The factor ρ depends on a free parameter,
The photoabsorption cross sections (2.34) to (2.36) of the present paper form an accurate closed approximate form of the results in ref. [9] . The results of ref. [9] explicitly demonstrate the consistency of the photoabsorption cross sections in (2.34) to (2.36) with the general form of the CDP as formulated in (2.1) with (2.2).
Appendix B. The Mass Dispersion Relation of Generalized Vector Dominance
In this Appendix, we explicitly demonstrate the connection between the CDP and the mass dispersion relation of the generalized vector dominance (GVD) approach [1] of the 1970's.We consider the total photoabsorption cross section given by the sum of the longitudinal and transverse cross sections in (A.3) and (A.4). We restrict ourselves to the case of helicity independence of the qq-proton interaction,
that is realized by the ansatz (2.3). Summation of (A.3) and (A.4) yields
Substituting the J = 1 projections of the ansatz (2.3),
. We discuss the (relative) magnitude of the m 2 0 -dependent corrections, ∆σ 
Rewriting ∆σ
with η ≡ η(W 2 , Q 2 ) and µ ≡ µ(W 2 ), and with A(W 2 ) from (A.15) and I
(1) L,T (η, µ) from (2.9), and introducing the Q 2 = 0 photoproduction limit, σ γp (W 2 ), according to (2.37), the total photoabsorption cross section becomes
T (µ, µ)(1 + δ In Table C Table C .2 we used the PDG fit from (2.38), and the parameters specified in (3.10) and 
is more significant, accordingly.
In Table C In summary, the analysis of this Appendix shows that the m 
